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PREFACE. 



The following pages contain the explanation of methods, 
and the investigation of formulae, which I have for some 
time past found useful in the discussion of the curves pro- 
duced by the rolling or sliding of one curve on another. 

These methods and formulae are with a few exceptions 
original, and, I believe, new; and my object has been to 
present, from a geometrical point of view, solutions of the 
various problems connected with Roulettes and Glissettes. 
I have ventured to introduce, and employ, the word Glissette, 
as being co-expressive with Roulette, a word which has been 
in use amongst mathematicians for a considerable time. 

The formula -of Art. (21) is of course well known; it 
is given in Salmon's Higher Plane Curves, in Walton and 
Campion's Solutions, in Jullien's Problems, in Bertrand's Dif- 
ferential Calculus, and probably in many other books. 

The theorem of Art. (24) was enunciated some years 
ago, for the particular case of a conic, by Mr Wolstenholme, 
and extended by myself to the case of any curve. I have 
however recently found a reference to it in the NbuveUes An- 
nates for June, 1869, from which it appears that it was given 
by Steiner in an early number of the same journal. 



IV PREFACE. 

For the incisive method of Art. (56) I am indebted to 
Mr Ferrers. 

It will be seen that the general formula of Art. (37) in- 
cludes most of those which precede it, while it is itself 
included in that of Art. (55), and that the theorem of Art. 
(67) reduces all cases of motion in one plane to the cases of 
Articles (37) or (55). 

In a future tract I hope to produce some further deve- 
lopments of the ideas which are here somewhat briefly 
treated. 

W. H. BESANT. 

Deoehbeb, 1869. 



PRELIMINARY REMARKS ON 



INFINITESIMALS. 



1. An infinitesimal is a quantity which* under certain 
assigned conditions, yanishes compared with finite quantities. 

If two infinitesimals vanish in a finite ratio to each other, 
thejr are said to be of the same order. 

Thus, if vanish, sin and are of the same order, as are 
also sin mO and tan nO. 

K two infinitesimals, a and /3, be such that the ultimate 
ratio of /3 to a' is finite, /3 is said to be of the second order 
if a be of the first order. 

Thus, 1 — cos 0j when 6 vanishes, is of the second order 
if tf be of the first order. 

And, generally, an infinitesimal which has, ultimately, a 
finite ratio to the r^ power of another is said to be of the 
r* order if that other be of the first order. 

The order of an infinitesimal is, d priori^ arbitrary and 
conventional ; but, if any standard be fixed upon, the orders 
of all others are determinate. 

2. Consider figure (1), in which is the centre of a 
circle, and AP a small arc ; PN^ PL perpendiculars on OA 
and on the tangent at Ay and Q the point in which OP pro- 
duced meets AL, 

1 



2 PBELIBflNARY REMARKS ON INFINITESIMALS. 

Thien, if OA = a, and AOP=^0, it can be shewn by Trigo- 
nometrj that, when is indefinitely diminished, 

AL ^ PL 1 QL I 



= 1, 



and 



AP ' AP* 2a' AP" 2a" 
PQ-PL 1 



AP" W ' 

Therefore, if AP be an infinitesimal of the first order, AL 
is of the first order, PL of the second, QL of the third, and 
PC-Pi of the fourth. 

3. If a be an infinitesimal of the first order, 

\J + fjbO^ : i/a' :: X : p, ultimately, 

Xa' + Ata' is of the second order : 

and generally, it will be seen that the order of an infinitesimal 
is not affected by the addition to it of an infinitesimal of any 
higher order. 

Let -4P be the arc of a curve, such that AP is its circle 
X)f curvature at A ; then PP is of the third order, and there- 
fore, so far as quantities of the 2nd order are concerned, P 
may be taken to be coincident with P, 

4. If APj AQhe two infinitesimal arcs, of the first order, 
of two curves touching each other at -4, the distance PQ will 
be of the second order, and therefore, so far as quantities of 
the first order are concerned, P and Q may be taken to be 
coincident 

It will be seen that all the preceding theorems are con- 
tained in, or deducible from, the 7th and 11th Lemmas of the 
first section of the Pnnctpta. 

Thus, from Lemma xi., if -4P, AP' be two infinitesimal 
aics of the same order, and PL, PL' the corresponding 
perpendiculars, 

PL : Pr :: AP" : AP\ 



ROULETTES. 



5. When a curve rolls on a fixed curve any given point 
in the plane of the rolling curve describes a certain curve, 
which is called a roulette. 

Under the same heading we shall also include the curves 
enveloped by any given lines, straight or curved, which are 
carried with the rolling curve. 

If a curve roU on a fixed curve, the line Joining the 
point of contact with any point Q in the plane of the rolling 
curve is the normal to the path of Q, 

For, as the curve rolls, the point of the curve, P, in con- 
tact with the fixed curve, has no motion, and the whole area 
is, at the instant, turning round P: hence the direction of 
motion of Q, i. e. the tangent to its pftth is at right angles 
to QPy and QP is the normal. (See fig. 2.) 

Thus, if a circle roll on a straight line, and if PD be the 
diameter through P, QfP is the normal, and QfD the tangent 
to the cycloidal path AQ' ofa, point Qf of the circumference. 

6. A curve rolls on a straight line ; it is required to find 
the roulette tranced by any point Q. 

Let the curve roll from to P, the point A passing 
over the point 0, (See fig. 2.) 

Taking as the origin, and OP as axis of x, let o^ y be 
co-ordinates of Q. 

1—2 



4 BOULETTES. 

Then, if AQP^e, QP^r, 

and jf^rBinQPN^r-^ . 

Hence, if the polar equation referred to the point 
r^f{0)f be given, we have three equations from which 
and can be eliminated, and the resulting equation will \ 
the diiferential equation to the path of Q. 

Or, if the arc -4P («#) be found in terms of 0, we ma 
employ the equations 

flj = tf — r cos NFQ = * — ^ ^ > 

At\d tho elimination of r and will give the equation in x and 
yi to tho path of Q. 

If the rolling curve be given by the equation p=/(r), 
wo have 

.\ since /) * y, 



is tho roulette. 



'K^ ^) 



'7. The two tlieorems following will be found of great use 
in tho discussion of roulettes. 

If (fig, 8) |) be the perpendicular from a fixed point (0) 
on the tangent at any point P of a curve, and <f> its inclination 
to a fixed line, then 

(1) » Tlie perpendicular Jrom on the normal = ^ . 
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(2) Th& radtfM of curvature at P^p + -j^ • 

For, if P' be a conaecative point of the curve, and if the 
tangents intersect in jT, and YOY'^Sff), 

KY'=TKS<f>, 
neglecting infinitesimals of the second order. 

But 8p = o^'-o^=JST^ 

to the first order; 

Therefore, ultimately, 

dp = PYd(l>, 

Again, 

& = PP' = PTJf TP, to the first order, 
= KY-¥TK-PY-)rP Y' - TY' 
^KY+FY'-PY to the first order, 
= pS^ + 8.Pr 

• ds d T) 

Therefore the radius of curvature = ^r = P + -rr^ • 

If the curve at P be convex to the point 0, it will be 
seen by a figure that the length of the radius of curvature is 

The sign of p + -j^ therefore determines whether the 
curve is concave or convex to the origin. 

8. The relation ^=/(0), connecting j) and 0, is called 
the tangential polar equation of the curve*. 

* TIhs tide was suggested by Mr Ferrers. {Cambridge and Dublin MaUur 
tndiicai Journal, 1855.) 
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We may remark that p and are the polar co-ordinates 
of the point Y; so that, putting r and d for p and ^, the 
polar equation of the pedal is 

We also observe that the intrinsic equation is at once 
obtained bj integrating the equation 

the right-hand member being expressed in terms of 0. 

9. To find the tangential polar equation of the roulette 
traced by a point. 

Let fall OF, OZ, perpendiculars on the tangent QT and 
the normal QP (fig. 4). 

Let Or=p, and YOT=z<f>. 

Then 

p^r— OP cos ^, 

= r — « cos 0, 

rdO 
whence, having r and 8 in terms of 0, and tan being -^ , 

we can eliminate r and ^ and get the relation between p 
and ^. 

Or, without finding the arc, we have 

^=OZ=PZtm<b 

d<p ^ 

= (r — jp) tan (f), 
and, eliminating d between this equation and 

tan0=r^, 
we get the differential equation, inp and ^, of the roulette, 



ROULETTES. 



10. Ek. 1. To find the ratdette traced by the fixms of 
a parabola rolling on a straight line. 



In this case 



2a ^ 

— = 1 + cos ^, 



the point A, fig. (2), being the vertex of the curve, and 
Q the focus ; 

.-. tail QiW= cot - = ^ , 
and y = r sin QPN=^ 



cos - 
2 



•*• [dyj "f^a'' 



whence, by integration, 



a * * 



That is, the roulette is a catenary. 

Ex. 2. The curve r^a versin rolls on its axis ; required 
the locus of its pole. 

Taking the second system of equations of Art. (6), we 
find that 

and s = 4afl— cos-j ; 



H / H\ 

4a — 2a cos- (2 + 8in'-J , 
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and y = 2asin'-; 

whence 4a — a? = v(2a)' — y^ {2 (2a)* + y'} . 

11. If the roulette be given in terms of x and y^ we can 

at once find the rolling curve. 

For, Art (6), 

, dx 

^=y, and^ = r-^. 

Hence, if y=^f{x) be the roulette, we can eliminate 
X and y, and find the equation, in p and r, to the rolling 
curve, referred to the carried point as origin. 

Ex. 1. If the roulette be the catenary 



c ' 



dx c , c re 

•j- = - , and » = r . - = — , 
ds y ^ y p 

.". p* = rc, 

that is, the rolling curve is a parabola. 

Ex. 2. If the roulette be 

y' = Aax, 

(p'-(iy-(i)*=-f ^ 

... y = r«-4a», 
the involute of a circle. 

Ex. 3. If the roulette be 

3 2 

tlie curve is 

an epicycloid ; (Art. 14). . ,. 



ROULETTES. V 

Ex. 4. If the roulette be 

the curve is 

12. The equations in x and y, or in polar co-ordinates> 
to the roulettes produced by circles rolling on straight lines 
or on circles are at once obtained from figures. 

Thus, for an epicycloid, if a and 6 be the radii of the 
fixed and rolling circles, (see fig. 5), 


(tA-h 

,\ 0?= (a + i)cos^ — icos — t — 0, 

y = (a + J)sin^ — Jsin — r-^^« 

The area swept over by the radius vector is most easily 
found by help of these equations and the expression 



-jixdy^ydx). 



13. The roulettes traced by the centres of circles rolling 
on curves belong to the class of ^ parallel curves/ 

If & be the radius of the circle, x, y the co-ordinates 
of its centre, and x\ j/ of the point of contact, 

x = x •\-b cos ^, 
y=y + 6sm0, 

where is the inclination of the normal to the axis of x. 

Or, if the given curve be.. 

the parallel is 
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Thus the parallels of a parabola and of an ellipse are 



p = Va" cos* ^ + 6* sin* <f> + cL 

14. To find the tangential polar equation^ and the in- 
trinsic equation^ of an epicycloid. 

In (fig. 6), let 0-4 =a, GP=6, miACP^d. Then, if 
Q be the point tracing ont the epicycloid, starting from A, 
QD is the tangent at §, and if ;? = OF, the perpendicular on 

QD, and AOY=-r—<f>, so that ^ is the angle of deflection 

from A, 

^-e=ODQ = ^, and p = (a + 26) siu 1^ ; 



.:p={a + 2b)Bm-^. 



Hence ^ = (a + 26) |l - ^^.} sin ^ 



2b 



_ 46 (a + 6) . g^ 
~ a+26 "°o + 26' 



and « = f (« + ^)(l-««8^6)' 

measuriiig ^he arc from the point A^. 

We may observe that the radius of curvature of the 
epicycloid at Q 

dij) a+2b ^' 

"""a + 26 ^^' 

* Hence 8:2. vers . arc PQ :: 2 , OC i OP, the form given in the 
Principia, Section X, Prop. jCLViii. 
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To find the equaiion^ in p and x^ofaax epicjfchid. 
If OQ=^r^ we have 

r« = (a + 6)« + 6"-26(a + A)co8^ 
= a« + 46(a+J)8m«|| 

= ^" + ^(^ + *)(rfW' 

15. If a circle of radios h roll inside, or more generally 
with its concavit J in the same direction, on a circle of radius 
a, the hjpocjcloid generated by a point in the circomference 

will be 

ds ., a — 6 . o^ ^ 
-TT = 4J :r7 sm ^^ * 



or 



rf^ a- 26 a-2J* 

If &>a, this may be written in the form 
^ A ti X a + (J — a) . aA 



so that, when h>cLy the hypocycloid is identical with the 
epicycloid generated by a cirde of radius 5 — a rolling outside 
a circle of radius a. 

This can also be seen by direct geometry; for if PQ 
meet the fixed circle in R (fig. 6), let OR produced meet DQ 
produced in E\ then RE is the diameter of a circle, touching 
at R and passing through Q, 

The angle FQR = FRQ=^ RPO ; therefore FQ is parallel 
to OP; and 

/ REQ^'^^ERQ^PDQ) 

♦ Thejp and r equation is P^- ^ \\ («*-*^)> ^^> '^ 26=a-c, this be< 
comes j>*= , (a« -r*), the fonn given by the Jesuit Fathers in the notes to 
Prop. LL of the Principia. 
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.•. BE^ OE- OIt=^ 2 (i- a), 
and OF^ b ^ GQ, so that OF is parallel to CQ. 

Hence arc -8Q = (J - a) . POR = (i - a) PCQ 

= (5 — a) . -T- = arc :B-4, 

so that the point Q^ carried by the circle i^, will produce the 
hypocycloid. 

16. It may be useAil to give the several equations for 
the case of a three-cusped hypocycloid, a curve possessing 
many remarkable properties. 

I{ AOP==0, and ^ be the angle of deflection from OA of 
the tangent EQ, (fig. 7), 

QCP^B0, and ^=^^-& = |, 
^ = r= OP sin GPq = a COS ^ = a cos 3<^, 

1 e 3.8 

and Tr^ = -*8acos3^; 

5 = — (1 - sin 3^) = 8J (1 - sin 3^). 



• • 



Again,: »^ = 46' + J' + 4J"cos35 

or 8p"=9(J»-0. ' 

17, -4 curve rolls on a given curve, it is required to find 
the path of any point in its plane. 

If O'P be the rolling curve, (7 having been coincident 
with (fig. 8), let x, y be coordinates of P referred to the 
normal and tangent at 0, and x\ y referred similarly to O] 
(f>, (f> the angles which the normal at P makes with the 
normals at 0, 0\ 
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Then, if f, i; be co-ordinates ON, (/N o( 0\ 

f = y sin (^ + 4>) - X cos {4> + 4>) -a?, 

i7=y-y cos (^ + ^') ~a?'sin (<^ + ^'), 

and, as the right-hand members of these equations can be 
found in terms of the arc OP (»), the relation between f and vf 
can be found. 

If Q be a point, the co-ordinates of which, referred to 0*, 
are (a, i), and if f, 17' be co-ordinates of Q referred to 0, 

f = f + acos {4>+ (fi) - 6sin (^ + ^'), 

i7' = i7 + asin(^ + ^') +6cos (^ + ^')* 

18. ul currtf roUs on a straight line; it is required to 
find the curvature of the path of any point carried with it 

Let QPy QP* be consecutive normals to the path of 
Q (fig. 9). 

Their intersection E is ultimately the centre of curva- 
ture. 

Let Qp be the changed position of QP, 

Then Q'XQ^^the angle through which the curve has 

turned 

= the angle through which the normal at P 
has turned 

= — , if p be the radius of curvature at P; 



^E QLQ-LQP 

QL.- 
P 



hs is . cos a ' 



p r 

if a be the angle between QP (r) and the normal at P, 



r* 



r — p COB a ' 
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ultimately, observing that since the displacement of p from 
P is of the second order, we may in this case assume that 
;p and P are coincident ; Arts. (3) and (4). 

Thus, in the case of a cycloid, 

r as 2a cos a, and p~a; 

19. The preceding formula may also be obtained by 
help of the equation 

For, (fig. 10), if OPQ^(f>, and 0P=^AP^8, 

2> = r — acos^, 

and ^=0Z=8sin<f>; 

But if A QP:= e, and AFF== ^r, 
therefore radins of oonrattire of roulette 

, . dd . , J ds 

and since r ^ = sm ^, and -tj- = p, 

.,. . cos a r" 

this s= r + 



11 r — p cos a 

cos a ^ 

p r 



20. ijf a ctirt76 roZZ on a fixed curve over a small arc &, 
the angU turned through by any line in the plane of the 

rolling curve is Ss(- + ^\ where p and p are the radii of 
curvature at the point of contact* 
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Let JPp=^FF^Ss, (fig. 11), and let the nonnab Op, O'P 
meet in L. 

Then the angle between these, OLK^ is the angle re- 
quired, and this angle 

P P 

21. A curve rolls on a fixed curve ; to find the curva- 
ture of the roulette traced by any point carried with it. 

The angle QLQ = the angle of displacement 

= &'Q+^.), (fig. 12), 

and FO- ^^ - Q^^Q^^ 

ana ^v- ^^.^ - Qj^q^ _ j^qp , 

and, since the displacement of ^ is of the second order, 

T ^ TV ■P-P' cos o Ss . cos a 



r 



.-. R = EQ=:= 



Vp pJ 



1 1 cos 1 



p p r 

22. Beferring to the same figure, let yft be the inclina- 
tion of QP to the fixed normal OF^ A the point which has 
passed over 0, AQP = d, QP=r. 

Then, i£r=f{ff) be known, and 5 = jP(^) be the equation 

to OP, EQ can be found in terms of a and therefore o£ ^. 

» 

Also -^ = ^ — a ; . 

therefore -jy or EQ can be found in terms of '^i and this gives 
the intrinsic equation to the path of Q. 
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23. Thus, for an epicycloid, 
radius of cunratnre of path of Q, (fig. 5), 

1 1 

^ I 1 



cos a 



a 2b 

Again, take the case of an ellipse rolling on an equal 
ellipse, corresponding points being in contact, and consider 
the path of a focus 8. 

If P be the point of contact, 

PF , CD' 

PF 

2 -QJ^ ' SP 

''^^ 2PF PP =^-^^> 

air AC. JSP 

as is h priori obvious. 

24. If a curve roll on a straight line, the arc of the 
roulette is equal to the corresponding arc of the pedaL^ 

The angle turned through, (fig. 13), 

= angle between normals at P and P 

= YQY'; 

.-.arc QQ^QP.YQY' 

= QT. YQY' 

YY' 
=^-^^^fnv^.YQY'^YY'; 
sin YQY ^ 

QT being the diameter of the circle about YQY\ 
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Or thus, \SQY=y, 



^=^cobQPY, 

and if o* = arc of pedal^ y being the radius vector, 

^ = cos QPY; 

.'. ds=da. 

25. If a curve roU on a fixed iiuirve, the element of arc 
of the roulette ts to the corresponding arc of the pedal as 
p + p' : p\ p being the radius of curvature of the rolling curve^ 
and p of the fixed curve. 

Imagining the line OT to be the fixed curve (fig. 13), 
the angle turned through = efe f- + — j ; 

Also rr'= (2P. sin F(2F=(2P.-; 

P 

.-. QQi Fr = - + A : ^ 

P P 9 

= p + p :p. 
Hence the length of the arc of the roulette 

where c^ is an element of the arc of the pedal. 



In the case of cjcloidal, or trochoidal curves, p and p are 
constant, and the arc of the roulette is proportional to the arc 
of the pedal. 

In the case of a curve rolling on an equal curve, corre- 
sponding points being in contact, the arc of the roulette is 
always double that of the pedal. 

2 
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26. If a curve roll an a straight line, the area between th 
roulette^ the fixed line, and any two ordinates, is double the cor 
responding pedal area. 

For, if Y'N be the perpendicular from Y' on PY (fig 
14), the element of area=QF. YN, neglecting infinitesi- 
mals of the second order, 

^QY. rr'. cos rrr' 

=-QY.YY'.miQYY' 
= 2AQFF'. 
Or thus, if X, y be co-ordinates of Q, 

^ = y sin QPY=^y sin QYZ^ QZ=p; 

,\ ydx=pds=pd<r 

= 2 (element of polar area). 

27. To find the area swept over by the normal QP. 

Taking figure (14), let QP=r, PQp = Sd, and S^ = the 
angle of deflection from P to p, which is equal to the angle 
between Qp and Q^P', 

Then the area QPP Q' = QPF + QP' Q 

= QPp + QpQ[, 
observing that^P' is of the second order, 

therefore the area between the roulette, the fixed line and two 
normals 

If the curve be a closed curve and make one revolution, 

1 r^ 

this area = area of curve + - / r^d^. 

Hence, if the rolling commence when QP is perpendicular 
to the fixed line, 
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2 rftr 
2 (area of pedal) = area of curve + - | f^d6 ; 

2 Jo 



or area of curve = / ( p* "" 9 '^J ^• 

28. A curve rolls on a fixed curve; to find the area swept 
over by the normal QP. 

If the arc I^ = PI^, fig. (15), then, pP being of the 

second order, 

area QPFQ^ QPp + QpQ' 

therefore area swept over by QP 

Hence, if the curve be a closed oval, and if it make a 
complete revolution, the area between the arc of the roulette, 
the two normals at its ends, and the curve 

= area of curve + - I r^Bs ( - + "t) • 

29. To find the hcus of the centre of curvature at the point 
of contact of a curve rolling on a straight line. 

Let a?, y be co-ordinates of the centre of curvature, then, if 
s =/(^) be the rolling curve, 

and y=:p=f{tl>)^ 

whence, eliminating p, the locus is obtained. 

Thus, if the curve be an epicycloid, or hypocycloid, the 
locus is an ellipse. 

K it be a catenary, the locus is a parabola, and if it be an 
equiangular spiral, the locus is a straight line. 

2—2 
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30. If the curve roll on a fixed curve, 8^F{<l>)f and 
if 8 '='f{4>) be the rolling curve, 

a == 0M+ p sin 4> (fig. 16), 

y = pcoB<f> — PM; 

therefore, if OM and PM can be found in terms of ^', we 
have, with /(^) =:F{(f>), three equations from which ^ and 
if> maj be eliminated. 

Suppose, for example, the curves to be equal catenaries, 
their vertices at first coinciding. 

Then, p = c8ec*^, and PN=cBec<f> — c; 

.-. y = c. 

The locus is therefore a straight line, as is d priori obvious, 
if we remember that the normal bounded by the directrix 
is equal to the radius of curvature. 

31. To find the length of the curve formed by the suc- 
cessive positions of the centre of curvature we may proceed 
as follows. 

Let Q be the centre of curvature at P, q at /?, and Q the 
position of j when the curve has rolled from P to P', so that 
QQ' is an element of the locus (fig. 17). 

Then q may be taken to be in the normal PQ^ since its 
distance from PQ, the tangent to the evolute at q, is an 
infinitesimal of the second order. 

Hence, if PQ = /?, and if p be the radius of curvature of 
the fixed curve at P, 

Qj = Sp, qQ=^{p+p) -7, 
and the inclination to PQ of the tangent at Q 

pdp 
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Also, if QQ' = &r, 

Hence we can find the intrinsic equation, for if ^^ be the 
inclination of the tangent QQ[ to the tangent at a fixed 
point 0, 

(J) being the deflection of the fixed curve from to P. 

As an example, again take the case of the equal cate- 
naries; then 

p = p =c sec'^, Sa = p8^, 

and -^ = ^ — — + tan"* (cot ^) = 0, 

so that QQ' is parallel to the tangent at 0, as already seen. 

32. We have hitherto considered only the roulettes pro- 
duced by points carried with a rolling curve ; we now proceed 
to consider the roulettes enveloped by lines carried with a 
rolling curve. 

A curve rolls on a straight line, to find ike envelope of any 
straight line carried with it. 

If P be the point of contact, and PQ the perpendicular let 
fall from P on the carried line, Q is the point of contact of its 
envelope (fig. 18), 

Let pq be the perpendicular from a consecutive point /?, 
then as the curve rolls over PP\ q is carried to Q\ and if Ba 
be an arc of the roulette enveloped, 

Scr= Qq + qOf 

= sin 0& + rB(l>f 

\iOPQ^4>, and PQ = r. 
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Hence the radius of curvature = tt 

, ds 

= r + p sin <^. 

For example, consider the roulette produced by a diameter 
of a circle rolling on a straight line. 

Then r = a sin <^, p = a, 

^ = 2a sm 4>, 

and the roulette is a cycloid. 

Ex. 2. A parabola rolls on a straight line, it is required 
to find the envelope of the laXus rectum. 

In this case, /> sin ^ = ^8P (fig. 19), and 

.'. -rr = « — a? + 2 (a + a;) 

= 3a + a cot' <^, 
.*. = 2a + a cosec'^ <^ ; 
.*. (T = 2a<^ — a cot <^ + (7, 

and the length of the roulette between the two points at 
which it cuts the fixed line, i.e. from 

^ = - to ^—-Ty is (tt + 2) a. 

33. The tangential polar equation may be obtained, 
directly. 

Thus, if 5 = 0P= arc -4P, and p^ OY the perpendicular 
on the carried line, 

p^r^ s COB (f>y 

whence the equation, if r and s be known in terms of <^. 
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Or, if 8 only be known, and OZ be the perpendicular 
on FQ, 

and therefore -^ = a sin ^. 

Hence the ladios of curvature 

= r — 5 COS <p + 5 COS 9 + sm 9 ^ 

= r + p sin <^, 
as before. 

34. A curve rolls on a given curve, carrying a straight 
line; to find the roulette enveloped. 

Making tbe same construction as before, and observing 
that the displacement of^ is of the second order (fig. 20), 

= Ss cos a + r8<^, 

where S<^ = S5 (- + — j , and a is the inclination of PQ to 
the normal at P. 

Hence the radius of curvature of the roulette at Q 

da op 

= -^ = r + cos a 7 ; , 
dtp p + p 

and if r, a, p and p can be found in terms of the angle which 
PQ makes with some fixed line, the intrinsic equation can 
be found. 

35. Example. A circle rolls outside afioced circle; to 
find the length of the curve enveloped hy a diameter. 

If AD be the diameter, A passmg over A\ and if 
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A'OP=-e (fig. 21), 

and ^ = Jsm^ + co8C7P(2^ 

b^ + 2ab . a^ 

= nr^^^lT' 

a-\-o o 

The angle of deflection of AD from OA' 

m 

d<r b* + 2ab . ad> , . 

.•. -rr= r- sin— 7T (a), 

d<l> a + 6 a + J ^ ^ 

J V + 2ah /, a* \ 

and cr = 1 — cos — t-t 1 , 

a V a + 6/ 

measoring from il'. 

Taking a half roll of the circle, that is from d = to 
6^ — , we get the length of the arc from one cusp to the 
next, which is therefore 

2- (5 + 2a). 

Comparing the equation (2) with that of Art. (14), we 
observe that the envelope of -4 Z) is the epicycloid which 

would be produced by a circle of radius - rolling on the 
circle 0. 

This can also be seen geometrically, for, describing a circle 
on PG as diameter, the arc PQ is equal to the arc P4, and 
therefore to the arc PA\ 

36. A curve rolls on an equal curvCy correspondtng points 
coinciding ; to find the envelope of any normal of the rolling 
curve. 
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Let ^ — BTQ (fig. 22), and measure '^ from the tangent 
at Oy the point corresponding to A. 

Then, for the envelope of the normal at A, 

^ =r -f cos a ^ , Art. (34), 
and, if a =/('^) be the curve, 

r^i cos -^rdi, p =f' ('^), and ^ = 2-^ ; 

For example, let a circle roll on an equal circle ; then 

and cr=3a fl — cos^J , 

a two-cusped epicycloid. 

Taking a half roll of the circle the arc is 6a, which 
agrees with the result in Art (35), putting 5 = a. 

37. A curve rolls on a fixed carve ; it is required to find 
the envelope of any curve carried with it. 

If P be the point of contact, draw from P normals to 
the carried curve (fig. 23). 

Then, if PQ be one of these normals, it is the normal 
at Q to the envelope, and the other normals similarly be- 
long to other portions of the envelope. 

Let pq, the normal from a consecutive point ^, roll into 
the position P' Qf ; then -2?, the intersection of FQ and P' Qf^ 
is the centre of curvature. 
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Thearc^G' = &r=^j + rS^, where r = PQ and 

Let p" be the radius of curvature at Q of the carried 
curve; then 

Qq : S« . cos a :: p' : r + p\ 

a being the inclination of QP to the normal at P; 

and the angle PEF = h<f>'- ^,f 

P 



^ /I 1\ 5, cos a 

= S« - + -7 - 05 — —-,7 ; 

\p p J r+p 



\p p / r +p 

therefore EQ, the radius of curvature of the envelope, 

_ r'\-p \p p) 

1 1 cos a 
p p r+p 

Making p' infinite, this of course gives the formula of Art. (34), 
and if p" vanish, the formula of Art. (21) results. 

If the various quantities involved in this expression can 
be found in terms of '^, the angle of deflection of PQ, the 
intrinsic equation is determined. 

If any of the curves instead of being convex, as in the 
figure, be concave, the signs of p, &c. must be changed. 

38. Ex. 1. A curve rolls on another, carrying with it 
a parallel curve. 

In this case a = 0, r = rf, and p" — p — d. 

Hence EQ becomes d+p, a result which is obviously 
true. 

Ex. 2. A straight line rolls on a fixed circle, carrying 
an equal circle with which it is in contact. 
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Let AOP^e (fig, 24), then 



a 

cosa = -7^r=,= 



GP ViT^' 



/3 = Q0, /3 =/3 =a, 

and therefore tt = « , 

ay 1 



1- 



1 + ^ 
Also, if -^ be the inclination of P^ to OA!y 

This equation, when integrated, determines the length of 
the envelope. 

If we put — a for p\ we shall obtain the other portion of 
the envelope due to the normal PQ, 

39. A carve rolls on a straight line ; to find the area 
between the straight line, the envelope of any carried straight 
line, and two normals of the envelope. 

The element of area PQQP' (fig. 18), 

= r& sin ^ + - ii^h(f> 
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the integration of which expression gives the area if the 
intrinsic equation if the rolling curve be known. 

If the line PQ fall below the line OP, the element of 
area swept over will be 



[r/3sin^ — -r'j S<f). 



This however is included in the former, if we suppose 
r to be an algebraic expression for PQ. 

40. A curve rolls on another ; to find the area between the 
envelope of any carried curve, any two normals of the envelope, 
and the fixed curve. 

The element of area = PQQ'P (fig. 23), 



where S^ = &(- + — j. 



Hence the area swept over exceeds the area between the 
curve and the carried curve ^7 \n^ ^^' 

Thus in the case of Ex. 2 of Art. (38), 

r^ = a' (2 + ^ + 2\^lT^), 
and d'^ = d6\ 

therefore the area of the envelope exceeds the area APQ by 



^[(2 + ^ + 2 VIT^)cZ5. 



41. Adopting the notation of preceding articles, we can 
give an expression for the element PQqp (fig. 23). 
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For this element 

and V : Bs . cos a :: p" : r + p" ; 

therefore element PQqp = Tp" + ^J — ,, . 

42. The following examples will serve as additional 
illustrations of the preceding methods. 

A cycloid rolls on a straight line; it is proposed to con* 
sider the roulette enveloped by the tangent at its vertex. 

The cycloid is 5 = 4asin^, and for the envelope oi AQ 
(fig. 25), 

^ = pcos^-P(2 

= 4a cos' <^ — 2a sin' ^ 
= a + 3a cos 2<f> ; 

.'. (r = a(l> +-^ sm 2^, 
measuring from 0. 

To trace the curve, observe that there is a cusp when 

cos 2^ = --, 

i. e., when ^ is a little greater than ~ , and that the curve 

cuts the initial line at distances 2a from : also that for one 
roll of the cycloid the curve lies wholly below the initial line. 

If the cycloid be continued, and the rolling go on con- 
tinuously, the next branch of the cycloid will give the next 
half of the roulette above the initial line, after which the 
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saccessive branches of the cycloid will produce continuallj 
the same roulette. 

Further, the evolute of the roulette is 

s = SacoB2<f>f 
a four-cusped hypocycloid. 

The curve may be further examined by finding a? and y, 
the co-ordinates of Q referred to 0, viz. 

a; = 4a sin ^ — 2a sin' ({>, y = a sin ^ sin 2<f>. 

Fig. (26) represents the roulette, and its evolute. 
The element of area swept over by PQ 

= PQBs cos ^ - i PQ^Btf} 

= 4a' sin' ^ (2 - 3 sin' ^) S^, 

2 

which becomes negative when sin' ^ > - , or when 

o 

cos2</» = --, 

i. e. at the cusp. 

2 

The integration from <^ = to sin'6 = - gives the area 

o 

2 TT 

OET^ and from sin' <^ = « to ^ = - the difference between the 

areas ^ iT and a£;r. 

If we wish to find the area enclosed by the roulette, it 
will be at once given by integrating the expression, 

- {xdy — ydx), from <^ = to <f> = ^ » 

This expression 

= a' (6 sin* ^ — 4 sin' <^) t?<^, 

the integral of which between the assigned limits 



./. 3 1 IW.'T , 
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and the complete area inclosed by the ronlette = - •J^a^ i. e. 
it is half the area of the generating circle of the cycloid. 

To find the length of the arc of the roulette, we must 

take <^ from o to sin"* a/-, and then from ^ = sin~*A/- to 

^ »= — , and add together the numerical values of the results. 
This will give one-fourth of the whole arc. 

If (^ be taken from o to ^ we obtain cr = -— , so that the 

difference between the arcs OE and EG of the roulette is half 
the perimeter of the generating circle of the cycloid. 

43. A circle rolls on an equal circle^ carrying a tangent ; 
it is required to determine the nature of the roulette produced 
by the tangent. 

Let OY=p (fig. 27), A'OP = ACP=0, and YOA' = <l>, 
Y being the perpendicular on the carried line. 

Then p = 2a cos O — a, and <^ = 2^ ; 

.'. p = 2a cos ^ — a, 

the tangential polar equation of the envelope. 
T^-r , dcr d^p Sa (b 

.'. a = 3a sin ^ — a<f>, 

it 

the intrinsic equation, measuring a from A, 

Observing that the radius of curvature 

3a ^ 
= — cos ^ — a, 
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2 

we see that a cusp occurs when cos ^ = - . There are therefore 

two cnsps, corresponding to the positive and negative values 
of^. 

Whentf=^, p = 0. 

When co8^ = -, it will be seen by a figure that the 

tangent passes through the other end of the diameter through 

Fy and that the envelope then crosses the circle at a point V 

2a 
distant — from P. It will also be found that the tangent at 

the cusp meets the diameter A'O in the same point T at 
which it is intersected by the envelope itself. 

Putting together all these considerations we obtain the 
figure (fig. 28), the curve being an involute of a two-cusped 
epicycloid. 

The element of area swept over by PQ, i. e. 

= rhQ ia cos a — r) 
= tW {2a cos 5 — a) 
= prS0, 

When 0> - y this expression is stiU the same if we write 

for 2> its numerical value a — 2a cos 9, and any portion of the 
area is thus found by a simple integration. 
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44 Glissettes axe the curves traced out by points, or 
enveloped by curves, carried by a curve, which is made to 
slide between given points or given curves. 

Thus if an ellipse slide between two fixed straight lines 
at right angles to each other, the glissette traced by its 
centre is the arc of a circle. 

Again, if a straight line, of given length, slide between 
two fixed straight lines at right angles to each other, the 
glissette of any point in the line is an ellipse. 

In this case, if p be the perpendicular from the inter- 
section of the fixed lines on the sliding line (length a), and 
^ its inclination to one of the fixed lines, 

^ = -sm2<^; 

the envelope-glissette is therefore a four-cusped hypocycloid. 

45. A curve slides between two straight lines at right 
angles ; to find the glissette of any carried point 

Let the tangential polar equation of the curve, referred to 
the carried point, be 

then, if a?, y be the perpendiculars from the carried point on 
the two fixed tangents. 



«=/W> and y=/^<^ + |j , 
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and the elimination of ^ will give the rectangular equation 
the glissette. 

If the two fixed lines be not at right angles, but incline 
to each other at an angle tt — a, and if x, y be the obliqi 
co-ordinates of the carried point, we shall have to elimina 
^ between the equations 

X sin a ^f{<f>\ y sin a =/(^ + a). 

Ex. An ellipse slides between two straight lines incline 
to each other at an angle tt — a / to find the path of tl 
centre. 

In this case, we can write the equations in the form 
a? sin'a = a* cos" (^ — o) + ^^ ^^^ (^ "" 2) ' 
y'sin»a = a'cos'(^ + |)+J»sin«((^ + |), 

and the result of the elimination is 

cos» a (a» + hy {a? - y^ + sin' a (a' - Vf {x' +/)* 

46. The following theorem is of great importance. 

Any state of m>otion of a plane area in its ovm plane 
can he represented hy a state of rotation about a point 

Any plane area is fixed if two of its points are fixed ; and, 
if the motions of two of its points are given, the motion of 
the area is given. 

We must observe, however, that we cannot assign an 
arbitrary motion to two points ; the restriction existing that 
the velocities of the two points in the direction of the line 
joining them must be the same. 

Suppose that two points P and Q are in motion in the 



li 
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directions PT and Q F, and that PEy QE are drawn perpen- 
dicular to those lines respectively, and meeting in E. 

It is clear that the motion of P may be represented by a 
state of rotation about any point in the line PE, and that of 
K C by a rotation about any point in QE. 

Hence, both motions are represented by a state of rotation 
about E. 

This point E is called the instantaneous centre of rotationy 
i and the motion of any point B in the area is, at the instant 

i considered, at right angles to BE 

Thus, if a curve slide between two given lines, the inter- 
section of the normals at the points of contact is the instan- 
taneous centre. 

47. Any motion of an area in its ovm plane can be 
represented by the rolling of a certain determinate curve on 
another determinate curve. 

Let PQR8 (fig. 29) be the curve traced out in space 
by the successive positions of the instantaneous centre, and 
let the angular velocities of the moving area corresponding to 
each position of the instantaneous centre be known. 

Then, if P, Q, 5, ... be successive positions of the centre 
at given infinitesimal intervals of time, the lines in the 
moving area QP, BQP', SRqp, ... will turn successively into 
the positions QP\ Rqp\ Srqp, &c 

Hence the motion can be represented by rolling the curve 
pqrs ... on the curve PQRS 

But the curve pqrs ... is the locus on the moving area 
of the instantaneous centre, and Ae two curves are therefore 
determinate. 

48. Ex. 1. A straight line AB slides between two fixed 
lines at right angles to each other. 

In this case the locus of the instantaneous centre, E, with 

3—2 
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regard to the fixed lines Ox, Oy^ is a circle, centre and 
radius OE (fig. 30), while the locus of E with regard to AB 
is a circle on AB as diameter, that is a circle. 

Hence, the carried locus of ^ is a circle, the radius of 
which is half that of the circle which is the fixed locus 
of ^. 

But, if a circle roll internally on a fixed circle of double 
its size, any carried point traces an ellipse*. 

Hence, the path of any point Q, connected with AB, and 
carried with it, is an ellipse. 

It will also be found by an application of the formula of 
Art. (34), that the envelope of any straight line carried by 
the circle is an involute of a four-cusped hypocycloid. 

Hence, the glissette produced by any straight line carried 
by AB is an involute of a four-cusped hypocycloid. 

49. Ex. 2. Two straight lines, AB, AC, containing a 
given angle, move so that AB, AC pass respectively through 
faced points P and Q. 

The point E being the instantaneous centre, AE is the 
diameter of the circle about PAQ, and is constant (fig. 31). 

Hence, the carried locus of ^ is a circle, centre A and 
radius AE, while the fixed locus is the circle PA Q, 

The sliding motion is therefore equivalent to the motion 
produced by rolling a circle, with internal contact, on a circle 
of half its radius. 

The glissette for a carried point is therefore a hypo- 
trochoid, and the glissette for a carried straight line is a 
circle. 

This last can be shewn by the formula of Art. (34), for 
it EN he the carried line, at a distance GN from 0, OFQ = a, 
p = a, and p = — 2a (fig. 32) ; 

* See Appendix to GfeometriccU Conies, 
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••• ^ = P0 + 2acosO(M' 

i.e. the curvature is constant; or, by direct geometry, we can 
see that if A roll from A\ and Q be the other end of the 
diameter -4' 0(?, 

GQ^GN, 

and therefore the envelope of EN is a circle, centre and 
radius GN. 

50. Ex. 3. An involute of a circle slides between two 
straight lines at right angles to each other. 

Let Ox, Oy be the fixed lines (fig. 33), 

OP = x, and OQ = y, 

co-ordinates of E the instantaneous centre. 

Then, a; = f ^ + ^ j a - a, 

and y = o^ + a ; 

Hence, the fixed locus of -E? is a straight line, and the 
path of E relative to the curve AP is clearly a circle, 
centre G. 

Hence the point glissettes are cycloids and trochoids, 
and the envelopes of carried straight lines are involutes of a 
cycloid. 

51. A given curve slides between two straight lines at 
right angles to each other ; to find the locus^ with regard to the 
lines, of the instantaneous centre. 

Let a;, y be co-ordinates of E, G the centre of curvature 
at P, and GK eiJi element of the evolute at P (fig. 34). 

Then, by turning the curve round E through a small 
angle S0, and taking K such that the angle of deflection of 
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the arc CK is S0, the tangent at K will glide into the position 
KP^ and we have 

dx 

Similarly, we shall obtain 

if p be the radius of curvature at Q. 

Hence, if the intrinsic equation be known, 

and the two equations we have obtained will give x and y 
in terms of ^, and reduce the solution of the problem to 
the elimination of ^. 

Take, for instance, the case of Art. (50), in which 

doc 

and therefore ^ ~ ^^ "" ^^' 

Integrating these equations, and remembering that when 
= 0, » = -^ — a, and y = a, 

we shall obtain the equations of Art. (50). 

52. The preceding equations determine the tangent and 
normal at Ej and, by diflferentiation, the curvature of the 
locus of E. 

A geometrical construction may however be given, for 
since EN^PP^ECh^, and EN^EC'i^ (fig. 35) ; 

.-. EN : E'N :: EC : EC, 
and the angle NEE' = EGC 
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Hence, if EFhe perpendicular to -E£?', 

the angle FEG' = ^ - E'EIf = EOT, 

and 2^ is the middle point of GG\ 

If then 2), B' be the centres of curvature consecutive 
to (7, C" in their new positions, and F* the middle point 
of DB\, the lines EF, E*F intersect in the centre of curva- 
ture at E, 

For the carried locus, i.e. the locus of E with regard 
to the sliding curve, we observe that the tangent and normal 
are the same as for the locus above considered. 

For the curvature, however, let GK^ GE! (fig. 36), be 
elements of the evolute having the same deflection 8^, E' the 
intersection of the tangents at K and K! , and F the middle 
point of KK\ then G, the intersection of EF and EE, is 
the centre of curvature. 

In either case, GK being an infinitesimal of the first order, 

arc EE = EF. 28<^ = GG'l^, 

or ultimately -tt = GG\ 

Also, if the EEC in (figure 35) = i^, 

. , EG 

and, if EG and EG\ i.e. p — y and /»' — a?, can be found 
in terms of 0, we shall have sufficient data for the deter- 
mination of -TT , the radius of curvature, 
ay 

For the carried locus (fig. 36), we must add to '^ the 
inclination of EG to some fixed line in the moving area. 

53. Taking the general case of any motion of a plane 
area (which however is reducible to a case of roulettes), and 
supposing that the two loci of E can be found, or, which 
is the same thing, the fixed locus of E^ and the rates of 
rotation as compared with the increase of arc along the locus 
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of Ef we can find simple expressions for the curvatures of 
curves traced by carried points, or enveloped by carried 
lines. 

To find, the curvature of ike curve traced hy a carried 
point Q. 

Let EE (&r) be an element of the fixed locus of E (fig. 
37), and a the inclination of EQ (r) to the normal at E, 

Then VQ : EQ :: QQ : QQ-E'N, 

if EN be perpendicular to EQ ; 
or radius of curvature = VQ 

rS(f> — B<r . cos a ' 
If we take the case of Art. (21), 

8^ = 8.(1 + 1,). 

and we obtain the formula of that article. 

If we take the case of Art. (52), 

ho- = CCS<f>, 

therefore, radius of curvature 



r — cos a , GO' ' 

64. To find the curvature of the envelope of a carried 
straight line. 

Let r = EQ be the perpendicular from E on the line 
(fig. 38). 

Then S« = Qy + qQ 

^ Str cos a + EQB<f>j 

, da da- 

and Tta.'^^'^^^^'JJ^' 

For instance, in the case of Art. (52), radius of curvature 

= r + cos a . 0G\ 
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55. To find the curvature of the envelope of any carried 
curve. 

Let EQ, E'q be normals to the carried curve, and p" the 
radius of curvature at Q (fig. 39). 

Then hs^Qi+qq 

= 8<rcosa ,,^^Q + EQB<I>, 
and if QVg^Sf, 

therefore, radius of curvature of envelope 

_ ds 
dyft 



^■77 d<r + rdd> 

p +r ^ 

J, cos a da- * 

p +r 

For instance, taking the case of Art. (37), we have 

and we fall upon the formula of that article. 

56. A triangle moves in a plane so that two of its sides 
slide on fixed curves ; it is required to find the envelope of 
the third side. 

Let a, /3, 7 be the perpendiculars from any fixed point on 
the sides a,hj c\ then 

aa + 6/3 + 07 = 2 (area of triangle) = 2 A. 

Hence, if ^ be the angle which one of the perpendiculars 
makes with any fixed line, and remembering that 

« + #« 
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is an expression for the radius of curvature of the envelope 
of the side BG, we obtain 

a/5j + 5/5, + c/53 = 2 A, 

where />i, Pj, p^ are the radii of curvature of the envelopes of 
the several sides. 

If then two of these be given, the third is determined. 

57. Ex. 1. A given triangle moves so that two of its 
sides touch fixed circles. 

In this case p^ and p^ are constant ; p, is therefore con- 
stant, and the third side always touches a fixed circle. 

This includes the example of Art. (49) as a particular 
case. 

A direct geometrical proof may be also given. 

Firstly, let the sides AB^ A G pass through fixed points 

Through A draw AF parallel to 5(7, and meeting in F 
the fixed circle which is the locus of A (fig. 40). 

The angle FAP^ABG, and therefore the arc FP is 
constant, and jF is a fixed point. 

Also, the perpendicular FG fi-om F on BG is equal to 
the altitude of the triangle ABG\ therefore BG always 
touches a circle, the centre of which is at F. 

Secondly, let AB^ AG touch fixed circles having their 
centres at P and Q. 

Through P and Q draw lines PA^ QA parallel to AB, 
AGt and meeting BG in B' and C: then, as before, B G' 
touches a fixed circle. 

Ex. 2. An isosceles right-angled triangle moves so that 
its equal sides slide on the arc of a cycloid. 

In this case, a = J, 

pj^ = d sin <l>, pj==e?co8^, 
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and therefore cp^ = 2A — oJ V^ sin ( ^ + 7 ) ; 

hence it appears that the hypothennse envelopes an involute 
of a cycloid. 

58. Two straight lines AB, AC, inclined to each other 
at a given angle X, and carrying a line AD, slide on fixed 
curves; it is required to find the envelope of AD, 

This is a particular case of Art. (56), and if fi, v he the 
inclinations of AD to AB and AG, the first equation of 
Art. (56) becomes 

a sin /i + /8 sin V + 7 sin \ = 0. 

Hence, p^ sin /i + p^ sin i^ + p^ sin \ = 0, 

and if p^ and p^ are given, p^ is determined. 

59. Ex. 1. Thus, from Ex. (2), Art (57), we obtain 
the following result. 

If two straight lines at right angles to each other slide 
on the arc of a cycloid, the straight line bisecting the angle 
between them always touches a cycloid. 

Ex. 2. AB, AC slide completely round an oval curve. 

In this case, if 

_ d(T 

, ^ da . ds , , ds 

ds, ds being elements at the points of contact of ABj A G, 

Hence, if Z be the perimeter of the oval, and a- the whole 
arc enveloped hj AD, 

sin\. o- = Z (sin;* + sin i'), 

sm^--r — 
or a-^l^ 



sm^-r: — 
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We have put 

da ^ 

because if a and /8 are positive, 7 is necessarily negative. 



EXAMPLES. 

1. If a circle roll inside a circle of twice its radius, the 
path of a point on its circumference is a straight line, and 
the path of any point, not on the circumference, is an 
ellipse. 

2. The roulette, on a straight line, of the pole of an 
epicycloid is an ellipse. 

3. Shew that the intrinsic equation of a cardioid is of 
the form 



8 



= c(l-cos|), 



and that it is the epicycloid due to the rolling of a circle, 
with internal contact, on a fixed circle of half its diameter. 

4. A parabola slides on two straight lines at right angles 
to each other; prove that its vertex and focus describe re- 
spectively the curves 

a;y(aJ' + 3^'+3a')=a^ and a?y'=^a\a?-\-y^). 

5. The roulette, on a circle, of the pole of an equiangular 
spiral is an involute of another circle. 

6. The envelope of the pedal line of a triangle is a three- 
cusped hypocycloid, having its centre at the centre of the 
nine point circle. 

Note. The pedal line of a triangle is the straight line 
joining the feet of the perpendiculars let fall upon the sides 
from any point of the circumscribing circle. 
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7. A parabola rolls STmmetrically on an equal parabola ; 
find the path of the focos, and prove that the path of the 
vertex is the cissoid 

y" (2a — a;) = as^. 

8. An involute of a circle rolls on a straight line; the 
roulette of the centre of the circle is a parabola. 

9. The ellipse - = 1 + e cos 5 rolls on a straight line ; 
the path of the focus is given by the equation 

y ds 'jf' 

and the path of the centre by 

2a and Si being the axes. 

10. The roulette, on a straight line, of the centre of a 
rectangular hyperbola is 

dx _ ^ 
^""7a*-y" 

11. A helix rolls on a straight line which it always 
touches, while its axis moves in a plane; any point of the 
helix traces out a cycloid. 

12. The roulette, on a straight line, of the pole of an 
hyperbolic spiral, rQ = c, is 

^^ y . 

dx Vc* - if ' 
and of the pole of the curve c*^ = r**\ is 



(ir-©- 
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13. A cycloid rolls on a straight line ; the locus of its 
vertex is given by the equations 

x=i2a (sin <f> — (f>coB(f>), y= 2a<f> sin ^, 

the origin being the point of the line over which the vertex 
passes. 

14. A curve rolls symmetrically on an equal curve, 
carrying an involute; the envelope of this involute is an 
involute of the fixed curve. 

15. If a curve roll on a straight line, the curvature of 

a point roulette varies as -7- [-), p and r being referred 

to the point. 

If the curve be 

- = 1 + sec a sin (5 sin a), 

T 

the roulette is a circle. 

16. The curve PQ rolls on the curve PQ, P' passing 
over P; the roulette of P' is, in the neighbourhood of P, 
a semi-cubical parabola, of which the parameter is 

9pp {p + p) 
2{p^2py^ 

p and p being the radii of curvature at the point of contact. 

17. If a given arc of a curve roll, first externally, and 
then internally, over the same arc of a fixed curve, the sum 
of the arcs of the roulettes of the same point is independent 
of the nature of the fixed curve. 

The same independence also exists for the sum of the 
areas swept over by the line joining the carried point with 
the point of contact. 

18. If a parabola roll on a straight line, the envelope of 
its directrix is a catenary. 
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19. A catenary, «=ctan^, rolls sjnnmetrically on an 
equal catenary ; the inlxinsic equation to the envelope of its 

axis is 

d(T , ^ IT — '^ ^ c ^ ylr ylr 

-TT = c loff tan ^ H — tan — sec -*- * 

d^ ° 4 2 2 2 

20. The portion of the tangent at any point of a three- 
cusped hypocycloid, contained within the curve, is of con- 
stant length. 

21. If an oval curve roll on a straight line, prove that 
the area traced out by any point in the curve will exceed 

the area of the curve by - I r'rf^, where r is the distance 

from of any point P of the curve, and ^ the angle which 
the tangent at P makes with some fixed line in the curve : 
apply this to find the area of a cycloid. 

22. If an oval curve A roll upon an equal and similar 
curve B, so that the point of contact is a centre of similitude 
for each, then the whole area traced out by any point when 
A has made a complete revolution, is twice the area which 
would have been traced out if the curve A had rolled upon 
a straight line. 

23. Test the formula of Art. (27) by applying it to 
an ellipse, measuring r from the focus. 

24. A parabola rolls on a straight line from one end 
of the latus rectum to the other ; the length of the arc en- 
veloped by the axis is 

2a log (2€). 

25. A parabola rolls symmetrically on an equal parabola, 
from one end of the latus rectum (4a) to the other ; the length 
of arc enveloped by the axis is 

2a log (4€). 

26. A diameter of a circle rolls on a curve ; the envelope 
of the carried circle consists of two involutes of the curve. 
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27. A circle, radius b, rolls on a fixed circle of radins 
a ; the area between the fixed circle, and the envelope of a 
diameter for a half roll from one end of the diameter to the 
other is equal to 

^(Sa + i). 

28. The lemniscate r* = a* cos 2d rolls on a straight line ; 
the tangential polar equation of the roulette produced by its 

pole is 

dp ^^ 

^ + ptan^ = atan^ v sin (f> ; 

and the intrinsic equation to the envelope of its axis is 

ds 



^ » /„,„2*V 



^/ 



^== (5 sin A — 3 sin V I • 
26 V ^ 3/ 



29. A circle rolls on a fixed circle ; the envelope of any 
carried straight line is an involute of an epicycloid. 

30. A catenary rolls on a straight line ; the envelope of 
any carried straight line is an involute of a parabola. 

31. An ellipse rolls, symmetrically, on an equal ellipse ; 
prove that the whole length of the arc enveloped by its 
axis is 



« /^ . 1 -«'i 1 + A 



32. A curve, carrying a point, rolls on a straight line, 
and then, symmetrically, on an equal curve ; prove that after 
rolling over the same arc in each case, the radii of curvature 
of the roulettes, and the distance of the point from the point 
of contact, are in Harmonic Progression. 

33. In the same case, if a straight line be carried, the 
radii of curvature of the roulettes, and the distance of the line 
from the point of contact, are in Arithmetic Progression. 
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34. An ellipse rolls on a straight line ; the length of the 
envelope of its axis between two consecutiye cusps is 

,9 



-(•-^^'^l^)- 



35. A circle rolls on a straight line ; shew that the en- 
velope of any carried straight line is an involute of a cycloid ; 
and trace the figures corresponding to the cases in which the 
distance of the carried line from the centre is greater than, 
equal to, or less than the diameter of the circle. 

36. An ellipse rolls on a straight line, find the intrinsic 
equation to the envelope of its directrix, and shew that it 

has two cusps if the eccentricity is greater than — - — , and 

a/5— 1 
that, if e<-^^— ^ — , the length of the arc of the roulette, 

corresponding to a complete roll of the ellipse, is . 

37. A straight line rolls on a curve, s =/'(^), canying 
a straight line inclined to it at an angle a; the envelope 
roulette is 

5=/(0)+cosa/'(^). 

If the curve be an epicycloid, or hypocycloid, the envelope 
roulette is of the same class. 

38. A straight line slides on a curve having always the 
same point in contact; the motion is identical with that of 
rolling a perpendicular straight line on the evolute. 

39. Hence, shew that the envelope of the lines dratm 
through each point of an epicycloid at a constant angle to 
the tangent is also an epicycloid. 

40. If a parabola, latus rectum 4a, slide between two 
straight lines at right angles to each other the glissettes pro- 

4 
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duced are the same as the roulettes produced by a parabola, 
latus rectum a, rolling on the curve 

a* ia> + f)' = a*y\ 

41. An ellipse slides on a straight line, always touching 
it at the same point ; the path of its centre is the curve 

42. A smooth rigid curve bent into a curve turns round 
a fixed point in its own plane, and pushes a particle before it 
in a straight line ; find the form of the curve. 

43. A straight line APB carrying a point P slides with 
its ends A and B on the arc of a closed curve. If PA = a 
and PB = J, the difierence between the area of the curve and 
of the locus of P is equal to irah. 

44. An involute of a circle slides on a straight line, 
always touching it at the same point ; the glissettes of a point 
and a slraight line are respectively a trochoid and an involute 
of a cycloid. 

45. A parabola slides on a straight line touching it at 
a fixed point P. 

If the normal at P meet the axis in G and OB be drawn 
parallel to 8P and equal to one fourth of the latus rectum^ 
the nonnal to the path of the focus is parallel to PB. 

Shew also that the path of the focus is an hyperbola. 

46. The angle 5^(7 slides over two fixed circles ; prove 
that the point glissettes are the same as the roulettes of an 
ellipse on a circle. 

THE END. 



^^ 
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axes of the Conic Section represented by the General Equation of the Second 
Degree. By T. GASKIN, M.A. 8vo. 12«. 

ASTRONOMY, ETC. 

Notes on the Principles of Pure and Applied 

Calculation, and on the Mathematical Principles of Physical Theories. By J. 
CHALLIS, M.A., F.R.S., Plumian Professor of Astronomy and Experimental 
Philosophy in the University of Cambridge. 8vo. 15«. 

An Introduction to Plain Astronomy. For the 

use of Colleges and Schools. By P. T. MAIN, M.A., Fellow of St. John's 
College. Fcap. 8vo., cloth. 4«. 

Practical and Spherical Astronomy. For the Use 

chiefly of Students in the Universities. By E. MAIN, M.A., Baddiffe 
Observer at Oxford. 8vo. 14«. 

Brunnow's Spherical Astronomy. Part I. In- 
cluding the Chapters on Parallax, Refraction, Aberration, Precession, and 
Nutation. Translated by E. MAIN, M.A., F.B.S., Radcli£Ee Obseryer at 
Oxford. 8vo. 8». 6d[. 

Elementary Chapters on Astronomy from the 

"Astronomic Physique" of Biot. By HARVEY GOODWIN, D.D., Dean of 
Ely. 8vo. d«. 6d[. 

Terrestrial and Cosmical Magnetism. The 

Adams Prize Essay for 1865. By ED WARD WALKER, M.A., one of the 
Masters of Cheltenham College, late Fellow and Assistant-Tutor of Trinity 
College, Camhridge. 8vo. 15«. 

An Elementary Treatise on Magnetism and 

Electricity, adapted to the use of Students. By EDWARD "WAr.KER, 
M.A., F.R.S., late Fellow of Trinity College. [Fteparing. 



FuhlUhed hy Deightan, Bell, and Co,, Cambridge. 7 

Choice and Chance. Two Chapters of Arith- 
metic. With an Appendix containing the Algebraical treatment of Permnta- 
tiona and Combinations newly set forth. By wM. ALLEN WHITWORTH, 
M.A., Professor of Mathematics in Queen's College, Liverpool. Crown 8to. 

Exercises on Euclid and in Modem Geometry, 

containing Applications of the Principles and Processes of Modem Pure 
Greometry. By J. McElOWELL, B.A., Pembroke College. Grown 8yo. 8«. 6</. 

Elementary Course of Mathematics. Designed 

principally for Students of the Uniyersity of Cambridge. By HABVET 
GOODWIN, D.D., Bean of Ely. Sixth Edition, revised and enlarged by 
P. T. MAIN, M.A., Fellow of St. John's College, Cambridge. Sto. 16«. 

Problems and Examples, adapted to the 

** Elementary Course of Mathematics." With an Appendix, containing 
the Questions proposed during the first three days of the Senate House 
Examination. By T. G. VYVYAN, M. A. Third Mition. 8vo. 6«. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. HUTT, M.A., late Fellow of G onville and Caiua 
College. Third Edition^ revised and enlarged. By T. G. VTVYAN, M.A. 
8vo. 9«. 

Newton's Principia. First Three Sections, with 

Appendix, and the Ninth and Eleventh Sections. By J. H. EYANS, M.A. 
Fourth Edition, 8to. 6«. 

Examples in Arithmetic, Algebra, Geometry, 

Logarithms, Trigonometry, Conic Sections, Mechanics, &c., with Answers 
and Occasional Hints. By A. WRIGLEY, M.A., Professor of Mathematics 
in the late Royal Militaiy College, Addiscombe. Sixth Edition, corrected, 
8yo. Ss, Gd. 

A Companion to Wrigley's Collection of Ex- 
amples and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PLATTS, Esq., Head Master of the Government 
College, Benares, and A. WRIGLEY, M.A. 8yo. 12«. 

Figures illustrative of Geometrical Optics. From 

SCHELLBACH. By W. B. HOPKINS, B.D. Flatee, Folio. 10#. W. 

A Treatise on Crystallography. By W. H. 

MILLER, M.A., Professor of Mineralogy in the University of Cambridge. 
8vo. 78. 6d, 

A Tract on Crystallography, designed for Stu- 
dents in the Uniyersity. By W. H. MILLEB, M.A. Svo. 68, 

Physical Optics. Part 11. The Corpuscular 

Theory of Light discussed Mathematically. By RICHARD POTTER, M.A., 
late Fellow of Queens' College, Cambridge, 'Protesaar of Natural Philosophy 
and Astronomy in Uniyersity College, London. 7'* 6<^« 
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Eiueaiumal Works 



CLASSICAL. 

-^tna. Revised, emended, and explained, by 

H. A. J. MTJNRO, M.A., Fellow of Trinily College, Cambridge. 8yo., 3«. 6^. 

-^schylus. Translated into English Prose, by 

F. A. PALET, M.A., Editor of the Greek Text. 8yo. 7«. M. 

Aristophanis Comoediae superstites cum deper- 

ditanim fragmentiB, additis argumentis adnotatione critica, metromm desciip- 
tioDe, onomastico, et lexicon. By HUBERT A. HOLDEN, LL.D., Head- 
Haster of Ipswich School, late FeUow and Assistant Tutor of Trinity College, 
Cambridge. 8yo. 

Vol I. containing the Text expurgated with Sammariea and Critical Notes, 18«. 

The Plays sold separately : Achamenses, 2*. Eouites, 1«. 6<£. Nubes, U. 6cl. Yespae, 2«. 

Fax, 1«. 6(2. Aves, 2«. Lysistrata et Thesmophoriazusae, 8«. Banae, 2s. Ecclesiaznsae 

et Plutus, 8«. 
Yol. II. Onomastioon Aristophanevm oontinens indicemgeographicTmethistoricvm. 5«. 6(1. 

Demosthenes. The Oration against the Law 

of Leptines. With English Notes and a Translation of Wolfs Prolegomena. 
By W. B. BEATSON, M. A., Fellow of Pembroke College. Small Syo. 6«. 

Demosthenes de Falsa Legatione. Third Edition. 

carefully revised. By R. SHILLETO, M.A., Fellow of S. Peter's College, 
Cambridge. 8yo. Sx. 6<f. 

Demosthenes, Select Private Orations of. After 

the Text of Dindobp, with the yarious Readings of Reiske and Bekker. 
With English Notes. For the use of Schools. By C. T. PENROSE, A.M. 
Second Edition. 12mo. 4«. 

Euripides. Fabulae Quatuor. Scilicet, Hippo- 

lytus Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptonim ae yeterum Editionum emendayit et Annotationibus instnixit 
J. H. MONK, S.T.P. Editio Nova. 8yo. 12». 

Separately — Hippolttus. 8yo. cloth, 58. Alcestis. 8yo. sewed, 4«. 6<f. 

Titi Lucreti Cari de Kenim Natura Libri Sex. 

With a Translation and Notes. By H. A. J. MUNRO, M.A., Fellow of 
Trinity College, Cambridge. Second Edition, revised throughout. 2 yols. 8yo. 
Vol. I. Text, 16ff. Vol. II. Translation, 6». May be had separately. 

Mvsae Etonenses sive Carminvm Etonae Condi- 

torym Delectys. Series Noya, Tomos Dvos, complectens. Edidit RICARDVS 
OKES, S.T.P. , CoU. Regal, apyd Cantabrigienses Prepositys. 8yo. \6a. 
Vol. II., to complete Sets, may be had separately, price 58. 

Plato. The Apology of Socrates and Crito, 

With Notes, Critical and Exegetical, by WILHELM WAGNER, Ph. D. 
Fcap. 8yo. 4». 6<f. 

Platonis Protagoras; The Protagoras of Plato. 

The Greek Text reyised, with an Analysis and English Notes. By W. 
WAYTE, M.A., Fellow of King's College, Cambridge, and Assistant Master 
at Eton. 8yo. Second Edition. [In the l^ess. 
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Plato's Gorgias, literally translated, with an 

Introductory Essay containing a Summary of the Argument. By S. H. 
COPE, M.A., FeUow of Trinity College. 8vo. 7». 

Plantns. Anlularia. With Notes, Critical and 

Ezegetical, and an Introduction on Plautian Prosody. By WILHELM 
WAGNEE, PI1.D. 8^0. 9«. 

Verse-Translations from Propertius, Book V. 

With a Revised Latin Text, and Brief English Notes, By F. A. PALEY, 
M.A., Editor of Propertius, Ovid's Fasti, &o. Fcp Svo. 3*. 

Propertius, The Elegies of. With English Notes 

and a Preface on the State of Latin Scholarship. By F. A. PALEY, Editor 
of ^schylus, &o. With copious Indices. iOs. 6d. 

Terence, with Notes, Critical and Explanatory. 

By WILHELM WAGNER, Ph. D. Post Svo. 10«. 6d. 

Theocritus, with Short Critical and Explanatory 

Latin Notes. By F. A. PALEY, M.A. Second EditioH, corrected and en- 
larged, and containing the newly discovered IdylL Crown Svo. 4«. 6A 

Theocritus. Translated into English Verse, by 

C. S. CALYEBLEY, M.A., late Fellow of Christ's College, Cambridge. 
Crown Svo. 7s, 6d, 

Thucydides. The History of the Peloponnesian 

War, by THUCYDIDES. With Notes and a careful collation of the two 
Cambridge Manuscripts, and of Aldine and Juntine Editions. By RICHARD 
SHILLETO, M.A., Fellow of S. Peter's College, Cambridge. 

P. Virgilii Maronis Opera. Edidit et syllabarum 

quantitates novo eo que facili modo notavit THOMAS JARRETT, M.A., Lin- 
gusB HebrasB apus Cantabrigiensis Professor regius. One Vol., Svo., price 12«. 

Translations into English and Latin, by C. S. 

CALYERLEY, M.A., late Fellow of Christ's College, Cambridge. Post Svo. 

Arundines Cami. Sive Musarum Cantabrigien- 

sium Lusus Canori. Collegit atqae edidit HENRICIJS DRURY, A.M., 
Archidiaconus Wiltonensis Collegii Caiani in Grsecis ac Latinis Idteria quon- 
dam Prselector. Equitaro in arundine longa. Editio Sexta. Curavit 
HENRICUS JOHANNES HODGSON, A.M., Collegii SS. Trinitatis quon- 
dam Socius. Crown Sva 7«. 6tf. 

Sertum Carthusianum Floribus trium Seculorum 

Contextum. Cura GULIELMI HAIG BROWN, Scholse Carthuaiann 
Archididascali. Svo. lAa, 

Foliorum Silvula. Part I. Being Passages for 

Translation into Latin Elegiac and Heroic Yerse, edited by HUBERT A. 
HOLDEN, LL.D,, late FeUow of Trinity College, Head Master of Queen 
Elizabeth's School, Ipswich. Fifth Edition, Post Svo. . 7«. &f. 
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Folionim Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comio Iambic Yerse. By HUBEBT 
A. HOLDEN, LL.D. Third Edition. Post 8yo. 68, 

'r 

Folionim Silvula. Part III. Being Select 

Passages for Translation into Greek Verse, edited with Notes by HUBEBT 
A. HOLDEN, LL.D. Post 8yo. St. 

Folia Silvulae, sive Eclogae Poetanim Anglicorum 

in Latinum et Grsecum converssD quas disposuit HIJBERTUS A. HOLDEN 
LL.D. Volumen Prius continens Fasciculos I. II. 8yo. 10«. 6d» 

Folionim Centuriae. Selections for Translation 

into Latin and Greek Prose, chiefly from the Uniyersity and College Examina- 
tion Papers. By HUBEBT A. HOLDEX, LL.I). Third Edition, Post 
Syo. 8«. 

Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek Verses of 
Shrewsbury School. By GEOEGE PBESTON, M.A., FelldV of Magdalene 
College. Crown 8vo. 4«. Od, 

A Complete Latin Grammar. Third Edition, 

Yerj much enlarged, and adapted for the use of University Students. 
By J. W. DONALDSON, D.D., formerly Fellow of Trinity College, Cam- 
bridge. 8vo. 14«. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for the use of University Students. 
By J. W. DONALDSON, D.D. 8vo. 16*. 

Index of Paasages of Greek Authon quoted or referred to in Dr. Donaldson's 

Greek Grammar, price 0cl. 

Varronianus. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition, revised and Cimnderablp enlarged. 
By J. W. DONALDSON, D.D. 8vo. 16». 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama: with various Supplements. 
Seventh Edition^ revised, enlarged, and in part remodelled; with numerous 
illustrations from the best ancient authorities. By J. W. DONALDSON, 
D.D. 8vo. 14*. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University Teaching. 
A Practical Essay on Liberal Education. By J. W. DONALDSON, D.B. 
Crown 8vo. 6s, 
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The Greek Testament : with a Critically revised 

Tez;t; a Digest of Tarious Keadings; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentaiy. 
For the Use of Theological Students and Ministers. By HENRY ALFOJ^. 
D.D., Dean of Canterbury. 4 toIs. 8yo. Sold separately. 

Vol. I. FIFTH EDITION, Containing the Four Gospels. 1/. 8«. — ^VoL II. ftptk 
EDITION, containing the Acts of the Apostles, Epistles to the Romans and 
Corinthians. 1/. 4«. — Vol. III. fotibth edition, containing the Epistles 
to the Galatians, Ephesians, Philippians, Colossians, Thessalonians, — to 
Timotheus, Titus, and Philemon. 18^. — ^Vol. IV. Part I. thibd edition. 
The Epistle to the Hebrews : The Catholic Epistles of St. Jamee and 
St. Peter. 18«. — ^Vol. IV. Part II. thibd edition. The EpisUee of 
St. John and St. Jude, and the Reyelation. 14«. 

The Greek Testament. With English Notes, 

intended for the Upper Forms of Schools and Pass-men at the Uniyersities* 
By HENRY ALFORD, D.D. Abridged by BRADLEY H. ALFORD, M.A., 
late Scholar of Trinity College, Cambridge. One toI., crown 8to. 10«. 6dL 

Annotations on the Acts of the Apostles. De- 
signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for Holy Orders, &c., with College and Senate-House Examination 
Papers. By T. R. MASKEW. Steond Edition^ mOarged, 12mo. 69. 

Tertulliani Liber Apologeticus. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
an introduction to the Study of Patristical and Ecclesiastical Xiktinity. By 
H. A. WOODHAM, LL.D. Second Mition, 8yo. Sa. ed. 

The Mathematical and other Writings of Robert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity CoUege, with a Biographical 
Memoir by HARYEY GOODWIN, D.D., Dean of Ely. 8to. 16*. 

The Mathematical Writings of Duncan Farquhak- 

SON GREGORY, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, Cambridge, With a 
Biographical Memoir by ROBERT LESLIE ELHS, MJL, late Fellow of 
Trinity College. 8vo. 12». 

Lectures on the History of Moral Philosophy 

in England. By W. WHEWELL, D.D., formerly Master of Trinity Col- 
lege, Cambridge. New and Improved Edition, with Additional Leotnres. 
Crown 8vo. Sa, 

Elements of Morality, including Polity. By W. 

WHEWELL, D.D. Ifew Mition, in 8vo. 15». 

Astronomy and General Physics conside red with 

reference to Natural Theokmr (Bridgewater Treatise). By W. WHEWELL. 
New Editum, uniform with the Aldine Editions. 6e, 
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Kent's Commentary on International Law, re- 

yiaed with Notes and Cases brought down to the present time. Edited by 
J. T. ABDY, LL.D., Barrister at Law, Reeius Professor of Laws in the Uni- 
yersify of Cambridge, and Law Lecturer at (urresham College. 8yo. 16«. 

A Manual of the Roman Civil Law, arranged 

according to the Syllabus of Dr. Hallipax* Designed for the use of Students in 
the Universities and Inns of Court. By G. LEAPINGWELIi, LL.D. 8vo. 12«. 

A Syriac Grammar. By G. Phillips, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 8yo. 7<. 6<{. 

A Concise Grammar of the Arabic Language. 

By W. J. BEAMONT, M.A. Eevised by Sheikh Au Nadt el Bakrant, 
one of the Sheikhs of the El Azhar Mosque in Cairo. 12mo. 7«. 

The Student's Guide to the University of 

Cambridge. EevUed and eorreeted in accordance with the 
recent regulations. Fcap. 8?o. 5s. 

This Yolnme is intended to gire such preliminary information as mav be naeftil to parents, who 
are desirous of sendinff their sons to the Unirenity, to pat them in possessian of the leading 
Cacta, and to indicate the points to which their attoitian shonld be directed in seeking farther 
information from the tutor. 

Suggestions are also given to the younger members of the Uniyersity on expenses and course of 
reading. 

CONTXNTS. 

Intkoductiok, by J. R. Sbblst, M.A., Fdlow On Law Studies and Law Degrees, by J. T. 
of Christ's College, Cambridge. Abdt, LL.D., Regius Professor of Laws. 

°° £S2.11f^SSl^»X^J?Tri.a^ Medlcia8t«dy«ulD.gree.,byG.M.H»„H.T. 

Hall. *'^**'* 

On the Choice ofa College, by J. R.SsELXT,M. A. On Theological F.Taminatians, by the Right 
On the Course of Reading for the Classical Rev. the Lord Bishop or Ely. 

T?^of^iiS?. cSue« ®'''''' ^^"'^ "^^ The Ordinary (or PollJ Degree, by the Rev. J. 
On 1h? cS^Swl^gX the Mathematical l^^^' ^-^^ ^ ^«"°^ «' Magdalene 

Tripos, by the Rev. W. M. Campion, Fellow ^"eps- 

and Tutor of Queens' College. Examinations for the Civil Service of India, by 
On the Course of Reading for the Moral Sciences the Rev. H. Lathak. 

Tripos, by the Rev. J. B. Matob, FeUow Local Examinations of the University, by H. J. 

and Tutor of St. John's College. robt, M.A., bite FeUow of St. John's 

On the Course of Reading for the Natural College • "« » 

Sciences Tripos, by J. D. LmsiNo, M.A., yx,. |„„.x. *h«^«« 

Professor of Chemistry, late Feflow of St. DiplomaUc Service. 

John's College. Detailed Account of the several Colleges. 

Cambridge Examination Papers, 1859. 

Supplement to the Cambridge Uniyersity Calendar. 12mo. be. 
Containing those set for the Tyrwhitf s Hebrew Scholarships. — ^Theological 
Examinations. — Cams Prize. — Crosse Scholarships. — Law Degree Ex- 
amination. — Mathematical Tripos. — ^The Ordinary B.A. Degree. — Smith's 
Prize. — University Scholarships.— Classical Tripos. — ^Moral Sciences 
Tripos/— Chancellor's Legal Medals. — Chancellor's Medals. — Bell's Scho- 
lar^ps. — ^Natural Sciences Tripos. — Previous Examination. — Theological 
Examination. "With Lists of Ordinary Degrees, and of those "wlio liave 
passed the Previous and Theological Examinations. 

The Examination Papers of 1856, priee 2*. 6<?. ; 1867 and 1858, Ze, 6d., may stU^ 

be had. 
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